In this study for particular states of bipartite quantum system in 2 n × 2 m dimensional Hilbert space state , similar to m or n-qubit density matrices represented in Bloch sphere we call them generalized Bloch sphere states(GBSS), we give an efficient optimization procedure so that analytic evaluation of quantum discord can be performed. Using this optimization procedure, we find an exact analytical formula for the optimum positive operator valued measure (POVM) that maximize the measure of the classical correlation for these states. The presented optimization procedure also is used to show that for any concave entropy function the same POVMs are sufficient for quantum discord of mentioned states. Furthermore, We show that such optimization procedure can be used to calculate the geometric measure of quantum discord (GMQD) and then an explicit formula for GMQD is given. Finally, a complete geometric view is presented for quantum discord of GBSS.
Introduction
To avoid this difficulty and obtain an analytic analysis, Dakić et al. [29] introduced the GMQD which defined as the nearest distance between the given state and the set of zerodiscord states. Luo and Fu [30] introduced another equivalent form for GMQD .
In this paper, we devote to investigate the quantum discord for GBSS in a bipartite system.
Our results show that despite of functionality , which is chosen in definition of the entropy for the quantum discord , the same POVM satisfies the optimization procedure . Also our analytical calculation of the GMQD, denote that the optimization procedure does not change and is the same as we have for original quantum discord.
The organization of the paper is as follows. First, a brief review of the concept of the quantum discord is given. Then, we explain the quantum discord for GBSS states, leading to the obtaining the optimum POVMs and analytical solution of quantum discord. Next, an explicit formula for GMQD is presented. Finally, we present a geometric viewpoint, from which GBSS quantum discord can be described clearly. The paper ends with a brief conclusion and one appendix.
The Concept of The Quantum Discord
Quantum discord [17, 18] is measured by the difference between the mutual information and the maximal conditional mutual information obtained by local measurement. "Right" Quantum discord of a bipartite state ρ AB in a Hilbert space H A ⊗ H B is given by [17, 18] Here, I(ρ AB ) represents the quantum mutual information (the total amount of correlations) of the two-subsystem state ρ AB . ρ A(B) = T r B(A) (ρ AB ) is the reduced density matrix for the subsystem A(B). S(ρ) = −T r(ρlog 2 ρ) is the von Neumann entropy of the system in the state ρ. The other quantity, C B (ρ AB ), is interpreted as a measure of the classical correlation of the two subsystems AB in the state ρ AB and it is defined as the maximal information that one can obtain, for example, about B by performing the complete measurement E B k on H B ,
3) Similarly, "left" quantum discord is given by
is the postmeasurement state of B after obtaining the outcome k on A with the probability
. Note that the difference between those two discords is that the measurement is performed on party A or on party B, respectively.
It is thus expected that this definition of quantum discord is not symmetric with respect to A and B.
A set of operators {E 
Analytical solution for GBSS
Let γ µ , µ = 1, ..., d, be d Dirac γ matrices satisfying the anticommuting relations:
It follows from relation (3.7) that the γ matrices γ µ generate an algebra which, as a vector space, has a dimension 2 d (For a brief review about Dirac matrices and an explicit construction of γ, we refer the reader to [31] or see the Appendix). We consider hermitian matrices
as all possible multiplications of γ µ , µ = 1, ..., d up to multiplicative factors 1, ±i.
Let a basis for the Lie algebra of SU(N) be given by
i=1 . We will use the following normalization condition for the elements of the Lie algebra of SU(N)
We will also choose the following relations for commutation and anticommutation relations:
where the f ijk are the structure constants and the d ijk are the components of the totally symmetric d-tensor. These two equations may be combined more succinctly as
Using these conventions, we may express the POVM elements as
This representation is called a coherence vector representation with e k the coherence vector.
The constant is a convenient one such that for pure states 12) where the star product is defined by
We consider particular states acting on a bipartite system
m which possess properties similar to m or n-qubit density matrices represented in Bloch sphere, and so we call them generalized Bloch sphere states.
In the case of even dimension d, we denote γ
, then the matrices
..γ 2n } form a maximally anticommuting set in the algebra of γ matrices (in the case of odd d, the set of matrices γ i , i = 1, ..., d is maximally anticommuting set). By choosing maximally anticommuting sets w the decomposition of density matrices of A into a Bloch vector has, in general, the following form:
That is, γ j are maximally anticommuting set which satisfy 15) where I stands for the identity operator and γ j for j = 1, 2, ..., 2n+1, known as Dirac matrices, are generators of special orthogonal group SO(2n + 1), and represented as traceless Hermitian matrices in a 2n-dimensional Hilbert space.
Let N < M, thus we can represent the density operators acting on a bipartite system
where, T = [t ij ] is the correlation matrix. Since quantum correlations are invariant under local unitary transformation, i.e. under transformations of the form (
with U 1 , U 2 ∈ SU(N), we can, without loss of generality, restrict our considerations to some representative class such that T is diagonal, namely T = diag{t 1 , t 2 , ..., t 2n+1 } [32] . Concerning this representative class, density operators acting on a bipartite system H A ×H B can be written as:
with eigenvalues
where i 1 , i 2 , ..., i 2n ∈ {0, 1}. Then the postmeasurement state of A(B) after obtaining the outcome k on B(A), is given by
In the rest of this section we evaluate analytically the quantum discord for any concave quantum entropy functions. To begin, consider the following quantum entropy functions [33, 34] , 20) respectively the von Neumann, Renyi and Tsallis, where S R (ρ) and S T (ρ) are equal to von
Neumann entropy in the limit q = 1.
Let us introduce
Assume, with no loss of generality , the "left" quantum discord(for the GBSS quantum discord being symmetric between A and B if N = M ). Then using the Eqs.(2.5) and (3.20) the measure of the classical correlation of the two subsystems AB in the state ρ AB for above quantum entropy functions is given by
The above equations represents that the maximum value of the measure of the classical correlation for any kind of entropy only depends on µ k . Thus we turn our attention to the finding maximum value of the µ k . Hence, the problem of finding the maximum value of the measure of the classical correlation is reduced to the problem
(3.24)
Optimization procedure:
Here we present an analytical procedure for optimization of the measure of the classical correlation for GBSS. This procedure also allows us to obtain the optimum POVMs. 
To show this, Let a basis for the Lie algebra of SU(N) be given by
where α 1 , α 2 , ..., α n ∈ {0, 1, 2, 3}. For the sake of convenience of analysis, we denote 27) so Eq.(3.24) can be written as
(3.28)
Using Eq.(3.9) we have
where α i , β i and γ i ∈ {0, 1, 2, 3} .
Considering the optimization procedure and using Eqs. (3.28) and (3.30) one can show that the maximum value of µ k achieve when Eq. (3.25) is satisfied.
Thus, using Eqs. (3.25) and (3.28) the maximum value of the µ k is given by
Hence, the measure of the classical correlation due to the von Neumann version entropy is given by
Finally, from Eqs. (2.2), (2.4) and (3.31), we obtain the quantum discod such as:
This is in agreement with the result obtained by Luo in [35] for N = M = 2. M.D. Lang and C.M. Caves [36] showed that for the Bell-diagonal states for two qubits discord is zero for classical states, which lie on the Cartesian axes and origin. While Eq.(3.33) shows that for the GBSS, discord is zero only when
, which lies on the origin.
For the Renyi and Tsallis entropy we get 34) and using Eqs. (2.2), (2.4) and (3.31), we obtain the quantum discord such as:
Now, we give an exact analytical formula for the POVM. To do this, without loss of generality, we assume that α 1 , α 2 , ..., α n ∈ {0, 1} and β 1 , β 2 , ..., β n ∈ {0, 1}. Then using Eq.(3.11) the POVM elements are given by
where
Geometric Measure of Quantum Discord
The geometric measure of quantum discord [29] is given by:
where the minimum is over the set of zero-discord states [i.e., D(χ) = 0] and the geometric quantity ||ρ − χ|| 2 = T r(ρ − χ) 2 is the square of Hilbert-Schmidt norm of Hermitian operators.
χ can be represented as:
where p k is a probability distribution, {|k } is an arbitrary orthonormal basis for H A and ρ k is a set of arbitrary states (density operators) on H B . 
Consider a bipartite system H
. In particular, any bipartite state ρ on H A ⊗ H B can be expanded as
with c ij = T r(ρX i ⊗ Y j ). 
S. Luo and S. Fu introduced the following form of geometric measure of quantum discord [30]
A general bipartite state ρ on H A ⊗ H B can be written in this basis as
where x ∈ R N 2 −1 and y ∈ R M 2 −1 are the coherence vectors of the subsystems A and B. These are given by
The correlation matrix T = [t ij ] is given by
Based on above definitions, Rana et al. [37] and Hassan et al. [38] have shown that the geometric discord of ρ is lower bounded. By choosing the orthonormal bases {X i } and {Y j } in Eq. (4.39) as the generators of SU(N) and SU(M) respectively, that is,
the author [38] have shown that
) and
Suppose, for a given pure state |i i| and an unitary operator U acting on H A , there exists
where n j is the coherence (column) vector of the state |i i| and e j is the coherence (row)
vector of the state U|i i|U † . By writing G =
q=1 η q |f q f q |, with its eigenvalues arranged in nondecreasing order the author [39] have shown that 
In this case, the unitary operator U exists and it is spinor representation of special orthogonal group SO(2n + 1). Here, the spinor representations of the group SO(2n + 1) are given by U = e i i<j θ ij λ i λ j [40] and we can write the transformation of γ i more explicitly as
The eigenvectors of G matrix have projection only in the subspace W 1 . Then, to get the maximum value of T r(ACC t A t ), we can choose the orthogonal group SO(2n + 1) such that it takes the Bloch vector components e k in the subspace of maximally anticommuting set W 1 to the eigenvector of G matrix with the largest eigenvalue. That is, the orthogonal group SO(2n + 1) takes the vector e ′k to the eigenvector of G matrix with the largest eigenvalue and the transformation of the Bloch vector components e k are given by
Then using the optimization procedure of section (3) one can show that
where η max is the largest eigenvalue of the matrix G. Using Eq.s (4.40,4.42,4.47) we get
This is in agreement with the lower bounded obtained in [38] for the geometric discord of the bipartite system.
Here, for example , we consider the representation of Gamma matrices in N = 4 dimensions.
There are different representations for the Gamma matrices, depending on the basis in which they are written. In the Weyl representation (or chiral representation), for any k, we have [41] 
(4.50)
Suppose e k 5 = 0, then using the optimization procedure of section (3) we have 
Geometric interpretation
Here, we consider x = y = 0 and restrict our considerations to some representative class such that T is diagonal. In this case, using Eq.(4.48) we get . Now, a complete geometric view is presented for quantum discord and GMQD of GBSS. To do this we determine the feasible region of GBSS . Then we investigate the level surfaces of GMQD.
Level surfaces of quantum discord
M.D. Lang and C.M. Caves [36] considered the level surfaces of quantum discord for Belldiagonal states. They showed that the set of Bell-diagonal states for two qubits can be depicted as a tetrahedron in three dimensions.
Here, we point out that the geometric interpretation holds also for generalized Bloch sphere states. A GBSS are specified by the correlation coefficients {t 1 , ..., t 2n+1 }. The positivity of ρ AB implies that
(5.52)
The above equation gives N inequalities and these inequalities determine the region of GBSS.
Moreover, by imposing the positivity of partial transposition(PPT) of ρ AB , we obtain N other inequalities. Partial transposition changes the sign of t 2n+1 . The region defined by intersection of these 2N halfspaces is a convex polytope which is the region of separable GBSS. In fact, the set of separable GBSS are specified by |t 1 | + |t 2 | + ... + |t 2n+1 | ≤ 1. On the other hand, the intersection of halfspaces form a convex polytope, where the intersection of its complement and the region of PPT density matrices, is the region of detectable PPT entangled states [41] .
Level surfaces of geometric quantum discord
In order to quantify level surfaces of quantum discord for GBSS ,without loss of generality, we assume that
that is t max = t 1 , then using Eq.(5.53) we have 
The separable states is actually bounded by |t 1 | + |t 2 | + ... + |t 2n+1 | ≤ 1. Since in the region of separable GBSS ||T || 2 ≤ 1, then the maximum value of the D occurs, when ||T || 2 = 1 and t max is as small as possible. This leads
and the maximum value of the geometric measure of quantum discord for GBSS is given by
This is in agreement with the result obtained in [29] for the set of Bell-diagonal states for two qubits.
Conclusion
In summary, we have developed a complete and intuitive analytic picture of the quantum discord problem for GBSS that lends itself to a straightforward analytic algorithm to finding the optimal POVM. In addition, we have shown that the result does not depend on the entropy function. That is the same POVM is optimum for measuring quantum discord of GBSS for any concave entropy function in the definition of quantum discord. Also, we have pointed out that the presented procedure of optimization is also used to find the geometric measure of quantum discord and we provide an analytical expression for the geometric quantum discord. Finally, we have developed the geometric interpretation of original quantum discord and geometric measure of quantum discord for GBSS.
the standard Pauli matrices realize the algebra: 
